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Superstring eld theory was recently used to derive a covariant ac-
tion for a self-dual ve-form eld strength. This action is shown to be
a ten-dimensional version of the McClain-Wu-Yu action. By coupling to D-
branes, it can be generalized in the presence of sources. In four dimensions,
this gives a local Maxwell action with electric and magnetic sources.
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1. Introduction
Because duality symmetry relates theories with strong and weak coupling, it is inter-
esting to look for actions where this symmetry is manifest. This problem is closely related
to looking for actions of self-dual p-form eld strengths in 2p dimensions where p is odd.
If manifest Lorentz invariance is sacriced, it is straightforward to construct quadratic
actions for these systems.[1]
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Although manifest Lorentz invariance can be recovered by
introducing \harmonic-like" variables, the resulting action is non-polynomial and may be
dicult to quantize.[4]
An alternative approach is to use the Hamiltonian formalism. After introducing an
innite set of elds, it is possible to construct a set of rst-class covariant constraints which
impose the appropriate duality conditions. This approach was rst developed by McClain,
Wu and Yu for two-dimensional chiral bosons[5], and later generalized to four-dimensional
Maxwell [6] and self-dual p-forms[7]. Recently, it was shown by Bengtsson and Kleppe
that by performing a Legendre transformation, the McClain-Wu-Yu Hamiltonian can be
converted into a manifestly Lorentz-invariant action.[8]
Since the massless Ramond-Ramond sector of the ten-dimensional Type IIB super-
string contains a self-dual ve-form eld strength, it is natural to ask how superstring eld
theory solves the problem. Due to picture-changing diculties, the massless Ramond-
Ramond contribution to the eld theory action has only recently been computed in [9],
using the techniques of [10] and [11]. Because of bosonic ghost zero modes, there are an
innite number of elds in the superstring action, so one suspects a relationship with the
McClain-Wu-Yu action. Indeed, as will be shown in this paper, the two actions coincide
after gauge-xing certain elds.
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By coupling to D-branes, it is possible to generalize this action in the presence of
sources. Because of manifest duality, electric and magnetic D-branes couple symmetrically.
After dimensional reduction to four dimensions, this gives for the rst time a local Maxwell
1
However, it is not clear if these actions can be generalized in the presence of sources.[2]
Note that the action of reference [3] does not seem to give the correct Maxwell's equations





































(x)) are the electric and magnetic sources.
2
The fact that these two action coincide was also noticed independently by Dmitri Sorokin.
[12]
1
action with electric and magnetic sources. Dirac charge quantization is implied by the
existence of solutions to the classical equations of motion.
In section II of this paper, the free superstring eld theory action of reference [9]is
reviewed. In section III, it is shown how this action reduces to the McClain-Wu-Yu action
after algebraically gauge-xing certain elds. In section IV, the D-brane boundary state
is constructed, and its contribution to the action is computed. In section V, the action is
generalized to four-dimensional Maxwell in the presence of electric and magnetic sources.
In section VI, some concluding remarks are made, including a conjecture that the eleventh
dimension ofM -theory might be related to ghost degrees of freedom in superstring theory.
2. Review of Action without Sources
In reference [9], it was shown that by adding a non-minimal set of variables to the
usual RNS variables, the free action for the Ramond-Ramond sector can be computed
from a hjQji action. These non-minimal variables were rst introduced in [10]and

















































), so using the standard \quartet" argument, the new non-minimal elds do not aect
the physical cohomology. Like the  

matter elds and (; ) ghost elds, (~;
~
) and (; u)
are dened to be odd under G-parity.
The advantage of adding the non-minimal elds is that they allow consistent boundary
conditions for the bosonic zero modes, since the zero modes of    i~ and    i
~
 can be
dened to annihilate the incoming ground state while the zero modes of + i~ and + i
~

annihilate the outgoing ground state. As shown in reference [10], this solves the picture-
changing problem associated with the Ramond sector of superstring eld theory.
Using the methods of [11], it was shown in [9]that the massless components of the





























































































































can only depend on  and  in the above combination since it must be an
SU(1,1) singlet in the language of [11].) The GSO projection implies that for the Type
IIB superstring, f

must have even left-moving and right-moving G-parity, while for the
Type IIA superstring, f

must have even left-moving and odd right-moving G-parity.

























































































So at the massless level, an innite number of elds are present in the Ramond-Ramond
sector of the Type II superstring. (For the Type IIA superstring, the only dierence in j'i
is in the position of the right-moving spinor index.)
In order to remove subtleties associated with an innite number of elds, it will be
























. This limiting procedure diers
from that of reference [9], and is similar to the restriction of reference [8]. It implies that
the action and energy of the system is nite and well-dened.
























































































where it is understood that for odd n, the positions of all spinor indices are reversed (e.g.














3. Equivalence with McClain-Wu-Yu action



































































































































































































These invariances are slightly dierent from those of reference [9]. In the language of [9],




















































































algebraically, one could have



















= 0 for all n,
including n = 0. However, for large n, there is a problem with this gauge since it does not


























































































































































in vector notation, these equations are easily seen to imply the Bianchi
identities and equations of motion for a 1-form, 3-form, and self-dual 5-form eld
strength.[9]











































































This action will now be shown to be equivalent to the McClain-Wu-Yu action for a self-dual
5-form eld strength.


























































. Since (3.7)is in-


































one can algebraically gauge B
pqrs
(n+1)

















































































This action diers by an overall sign from equation 27 of reference [8]since we use a metric
of signature (+; ; :::; ).
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4. D-Brane Coupling
In superstring eld theory, there are no perturbative states which act as sources
for Ramond-Ramond elds. However, it was recently shown that D-branes act as non-
perturbative sources for Ramond-Ramond elds.[13] At linearized level, the coupling is
simply h'jDi where h'j is the Ramond-Ramond string eld and jDi is the boundary state
of the D-brane.[14][15]
So to add source terms to the action of (2.4), one simply needs to construct the D-
brane boundary state and compute its contribution. For a (P + 1)-dimensional D-brane,
one denes jD
P





























































































where j = 0 to P ,  = P + 1 to 9, and  = +1 or  1 (depending if it is a D-brane or an





















Since we are interested in the coupling to massless Ramond-Ramond elds, only the
zero mode dependence of jDi needs to be constructed. It is easy to check that the require-





































where y is dened in (2.2)and 
P
is a constant which can be determined from a one-loop
calculation. (We are considering the Type IIB superstring, so P is odd. For the Type

















i.) Note that no sum over pictures is necessary in the denition of
jDi.[15]













































































So in the presence of D-branes, the massless Ramond-Ramond contribution to the











is dened in (2.4)and S
2i 1
is dened in (4.4).


























































































































































By plugging equations (4.6)into equations (4.7), it naively appears that the charges

P






are only single-valued up
















The equations of motion, when combined with single-valuedness of gauge-invariant objects,








is an integer and 
9







is not an integer
or 
9
is non-zero, the equations of motion have no solution.
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5. Generalization to Four-Dimensional Maxwell
In the absence of sources, the four-dimensional Maxwell action was found in reference













































































































(a and _a are two-component Weyl indices which come from dimensionally reducing a






































































) is its electric and
magnetic charge.






for n > N , it is easily veried that the equations










































































































































































































































































































































































), where  is a state constructed with N creation operators.
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5
I thank Warren Siegel for pointing this out to me.
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6. Conclusions
In this paper, D-branes were used to construct local actions with electric and magnetic
sources. These actions contain an innite number of elds and are closely related to the
McClain-Wu-Yu action. It should be straightforward to quantize them using the methods
of [5][6][7][8].
Since these action appear in superstring eld theory, it is natural to try to interpret
the innite set of elds as coming from some stringy degree of freedom. In fact, by looking
at equation (2.3), it is clear that this new degree of freedom is simply the y variable,
which is constructed from an SU(1,1)-invariant combination of worldsheet ghosts. In this
sense, the massless Ramond-Ramond string eld ' can be interpreted as living in eleven
dimensions, where the eleventh dimension is parameterized by y.
Recently, it was conjectured that there exists an eleven-dimensional theory called
M -theory which, after compactication on S
1
, is dual to Type IIA superstring theory.[17]
D
0
-branes are associated with Kaluza-Klein states inM -theory and their Ramond-Ramond
charge comes from momentum in the compactied eleventh direction. Furthermore, the
radius of compactication of the eleventh dimension is related to the expectation value of






, M -theory can
be related to the heterotic superstring.[18]
Is there a connection between y and the eleventh dimension of M -theory? Although
this question will not be answered here, three pieces of favorable evidence will be presented.
Firstly, the y dependence of the D
0
-brane boundary state is simply e
iy
, where the 
depends if it is a D
0
-brane (carrying momentum P
11





=  1). At least naively, this suggests that y = x
11
:
Secondly, y is constructed from worldsheet ghosts, which couple to worldsheet curva-
ture through their background charge. Therefore, it is possible that y might be related to
the expectation value of the dilaton, which also couples to worldsheet curvature.
Thirdly, if the eleventh dimension of M -theory were related to worldsheet ghost de-
grees of freedom, it might explain in a stringy manner why dierent superstring theories
can be unied. As was shown in [19], by mixing matter and ghost degrees of freedom, it
is possible to relate string theories with dierent numbers of worldsheet supersymmetries.
Perhaps duality symmetry can be understood as rotations which mix matter and ghost
degrees of freedom.
Clearly, more evidence needs to be gathered before this question can be answered.
Hopefully, the three pieces of evidence suggested in this conclusion will motivate others
11
to investigate if the eleventh dimension of M -theory can be related to worldsheet ghost
degrees of freedom.
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